He supposes that a minimizing domain Ω does exist, and aims for a contradiction by deforming the domain under the flow of a vector field V . He correctly observes that by the Hadamard formula for the shape derivative of an eigenvalue [3, Section 2], "for any deformation preserving convexity and diameter normalization, we have the equality"
(Here u 1 and u 2 denote the first two eigenfunctions of the Dirichlet Laplacian on Ω.) The derivation of this first-variation condition (1) requires the deformed domain to remain convex and have diameter 1 under both the forwards and backwards deformation of Ω. The next sentence of the paper incorrectly deduces that (
on the boundary. (In fact slightly more is claimed, that
∂n , but that discrepancy is unimportant here.) The deduction is incorrect because the class of deformations that preserve convexity and the diameter normalization might not be sufficiently numerous to enable the values of V · n to cover a dense subset of L 2 (∂Ω). For example, the boundary of Ω might contain a curve that is not strictly convex, such as a straight line segment, and this curve would support no local perturbations that preserve convexity of the domain under both the forwards and backwards flow.
Indeed, in shape optimization problems with convexity constraints, optimality conditions generally hold only on strictly convex parts of the boundary. See, for example, some of the methods developed in the literature for dealing with convexity constraints [4, Theorem 4.2.2], [6, Section 7] , and [7] .
The diameter constraint is also problematic for Donnelly's argument. Nowhere does his paper explain how one should ensure that the perturbing flow fixes the diameter. The problem is serious. For example, if Ω is a domain of constant width such as a disk or a Reuleaux triangle, then most perturbing flows will change the diameter.
A final reason why we believe Donnelly's approach to be beyond repair is that if his argument were correct, then it would apply equally well to the modified gap functional 2λ 2 −λ 1 , showing that this functional cannot have a minimizing domain (among convex domains of diameter 1) and hence must be minimized by some degenerating sequence of domains. That is impossible, because 2λ 2 − λ 1 ≥ λ 1 → ∞ as the sequence of domains degenerates to an interval.
